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ARITHMETIC QUANTUM CHAQS

JEWE MARKLOE

1. TNTRODUCTION

The central objective in the study of guunium chaos ia
ho chazacterize universal properties of quantum systems
that refleet the repular or chantic features of the underly-
ing classical dynamies. Most developinents of the past 25
years have been influenced by the pioncering models on
statistical properties of sigenstates (Derry 1977) and en-
ergy levels {Boerry and Tabor 1977; Bohigas, Cannoni and
Sehmit 1984). Arithmetic quantum choos (AQU) refers
to the investigation of quantum system with additional
arithmetic siructurcs that allow a significautly more ex-
lensive analysis than is generally possible. On the other
hand, the special mumber-theorelic features also render
these systems non-generic, and thus some of the expected
universal phenomena fail to cmerge. Important examijles
of such systems include the modular surface and linear ai-
tomorphisms of torl (‘cat maps’) which will be described
helow.

The geodesic mation of & point particle on & compact
Riemannian surface M of constant negative enrvature is
the prime example of an Anosov flow, one of the slrongest
characterizations of dynamical chaos. The parresponding
quantuin eigenstates ¢; and encrgy levels A; arc given by
the solution of the cigenvalue problem for the Laplace
Beltraani operator A {or Daplerien for short)

(1) (A+Ne=0, folag =1,
where the eigenvalues
{2) A= Chs- o

form a discrete spectrum with ap asymptotic density gove
erned by Weyl's law

(3) B a <A}~ AT

A — o,

dgr
We rescale the sequence by setting
Area(l" N
4 s = S Vo
@ Xy ==

which yields a sequence of asymptotie density one. One
of the central conjectnres in AQC says that, if A4 iz an
arithmetie hyperbolic surface (sce See. 2 for examples of
this very special class of surfaces of constant negative our-
valure), the edyenvelues of the Laplacian have the same

LDate: Soplotnber 13, 20005,

The anthor iy supported by an EFSREC Advanced Fescarch [l
towship, Fiz. 1 is reproduced by courtesy of 1L, Aurich, University
of T,

Prepared for the Encyclopedia of Matleimatical Physics.

I'mcurg 1. Image of the absoluke valuc
suared of an elgenfunction p;(z) for a
nov-arithmetic surface of genus two. The
surface is obtained by identifving opposite
sides of the fundamental region {1).

loeal statistical properties as independent ravdom varic
ables from a Poisson process, ses eg. the surveys (12, 3].
This means thal the probability of finding & eigenvalucs
Aj in randomly shifted interval [X, X + L) of fixed length
L is disiributed according to the Poisson law Lie=L /&)
The gaps hetween eigenvalues have an expenential distri-
bution,

I
(5) F{"#{j SN X - Xy efa b)) - / e " ds
it

as N — co, and Lhus cigenvalues are likely to appesr in
clusters. This is in contrast to the general expectaiion that
the energy level sialistics of generie chaotic systemns fol-
low the distributions of random matrix ensembles; Poisson
statisiics are usnally associated with quantized integrable
gysterns. Although we are st present far from a proof of
(5}, the deviation from randem matrix theory is well un-
derstood, see See. 3.

Highly cxcited quantum cigenstates oy (7 — oo), of.
Fig. 1, of chaotic sysiernz are conjectured to behave lo-
cally like random wave solutions of (1), where boundary
conclitions arc ignored. This hypothesis was put forward
by Berry in 1977 and tesied uumerically, e.g., in the case
of certain arithmetic and nen-arithmetic surfaces of con-
stant negative curvature {6, 1]. One of the fmplications is
that cigenstates should have uniform mass on the surface
M, Le., for any bounded continuons function 5 : M — R

{6} fl%‘lggfi-‘i—*j add, = oo,
At At
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where 4 is the Rismannian avea eleruent on AM. This

pheromenon, referred to as guantum unifue ergodicity (QUTE).

is expected to hold for general surfaces of negative cur-
vaiire, according to a eonjecture by Rudnick and Sar-
nak (1994}, Tn the case of arithmetic hyperbolic surfaces,
there has been sobstantial progress on this conjecture in
the works of Lindenstrauss, Watson and Luo-Sarnak, see
Secs. A, 6 and 7, a3 well as the review [13]. For general
manilolds with ergodic yeodesic fiow, the convergence in
(6) is so far cstablished only for subsenuences of cigen-
functions of density one {Schnirclman-Zeldiich-Colin de
Verdiere Theorem, of [I14]), and it cannot be ruled out
that exeeptinnal subscquences of eigenfunctions have sin-
gular Emit, e.g., localized on cdosed geodesics, Such ‘scar-
ring’ of eigenfunctions, at least in some weak form, has
been suggested by pumerical experiments in Fuclidean do-
mains, ard the existence of singular quantinn limits is a
matter of eonbroversy in the current pliysics and mathe-
matics literature. A first rigorous proof of the existence
of scarred efgenstates has recentiy been established in the
case of guantized toral automorphisms. Remarkably, these
quantum cat maps may adso cxhibil quanfum unique er-
godicily. A more detalied account of resulls for these maps
ts given in Sec. 8, sce also [9, 5.

There have beau o number of other fruitful interactions
between quantnm chaos and munber theory, in pariicular
ithe connections of spectral statisties of intesrable quan-
turmn gystems with the value distribution properties of qua-
dratic forms, and analogies in the statistical behaviour of
cnergy levels of chaotic systemns and the zeros of the Rie-
mann zeda function. We refer the reader o [8] and [2),
respectively, for information ou these topics.

2. HYPERROLIC SURFACES

Let us begin with some basie notions of hyperbolic ge-
cinetry. The hyperbolic plane H may be abstraclly de
fined as the simply connected two-dimensional Riemann-
1an manifold with Ganssian curvature —1. A conveniend,
paramelrization of H is provided by the complex upper
half plane, § = {z +iy:x € R, y > 0}, with Ricmannian
line and volume elements
(7) dx?* 4 dy? i dy

2 32
respectively. The group of orienlation-preserving isome-
tries of Ik is given by fractional linear transformations

{8) (‘z ;) € SL(2, ),

where SL{2, R} is the group of 2 ¢ 2 matrices with unit de-
terminant. Since the matriees 1 and —1 represent the same
transformation, the proup of orian tation-presarving isomoe-
bries can be ideniified with PSL(2,R) .= SL{2, &) /{41}.
A lindte-valume hy perbolic surface may now be representoed
a5 the quotient 'YH, where I C I'SL(2,E) is a Michsian
group of the first kind. An arithmetic hyperbolic surface

ds% = A4 =

H

2z - f

= —
vz 4

H

=9,

JHEAE MAHKLOE
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i} | b
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Figure 2. MMindamental domain of the
modular group PSTA2,EY In the complex
upper half plane,

Figunre 3. Indamental domain of the
regular octagon in the Poineard disc.

(such as the modular surface) is obtained, i T has, loosely
speaking, some represenlalion in o X n matrices with in-
teger coeflicients, for some suitable n. This is evident in
the case of the modular surface, where the fundaments]
group iz the modular group I' = PEL(2,Z) = {(2%) €
PSL(2, ) a0, b0, d € ZHH£1).

A fundamential domain for the aclion of the modular
group PSL(Z, E] on $ 15 the sct
[:;J .:-rPSLfE’E‘]:{EEﬁ:EZ!}I,—%{REH{%}?
see fig. 2. The modular group is generated by the trans-
fation (1) : 2~ 2+ 1 and the inversion (¥ 7'} : z —
—1/z. These generators identify sectinng of the bound-
ary of Fpspizzy. By gluing the fandamental domain along
identificd edges we ohialn a realizotion of the madular sur-

face, a non-compaet surface with one cusp at 2 — oo, and
1, :3/3

two conlc singularilies st z =iand 2 = 5 + 145",
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An interesting example of & comparet arithmetic surface
is the ‘regular octagon’, a hyperbolic surlace of zenus two.
Itz fundamental domain is shown in fig. 3 as a subset of
the Poincare dise © = {& € T : |2| < 1}, which yields
an alternative paramctrization of the hyperbolic planc .
In these coordinates, the Riemannian line and volume of-
armant. rasd

d(dz® + dy?) 4 dw dy
2 _ _— T = —_
(0) dt= g, aas

The group of erientation-preserving isometries is now rep-
rescnted by PSU, 1) = SU{L 13/{+1}, where

(1) SU(1,1) = {G—;f fi) o, B e, of® — |8 = 1},

acting on D as above via fractional lincar transformations.
The lundamental group of the regular vctagon surlace js
the subgroup of all elements in PSU(1, 1) with coefficients
of the form

{12) o= k4 V2, A=(m+ n\a@} 1+v2,

where &, I,m,n € Efi], i.e., Gaussian integers of ihe form
R1-1kg, ki ke € 2. Note that not all choices of &, I, m,n €
Z[i} satisfy the condition |2 —|d]? = 1. Since all clements
¥ # 1 of I' act [ix-point free on M, the surface ThH is
smooth without eonic singrlarities.

In the following we will restrict our attention to a rep-
resentalive cuse, the madular surfare with I' = PSL(2, B}

3. FIGENVALUE STATISTICS AND SELBERG TRACH
FORMULA

The statistical properties of the rescaled eigenvalues X F
{ef. {4)) of the Laplacian can be characierized by their
digkribution in small intervals

(13) Na L)=#{j:2 < X; <z + L},

Thi= asymptotics holds for any scquence of 7. bounded
avay from zero (e.g. L constant, or L — oa).
Define the variance by

iy
(15) 7/

In view of the above conjectire, one cxpects T2 X, L) ~ L
in the limit X — oo, £/vX — 0 (the variance exhibits a
lesg universal behavionr i the range £ X, of. [12]),
and a central limit theorem for the fluctuations around
the mean:

T X, L) = Nz, L) - 1) da.

Conjecture 2. For any bounded funclion g : R — C we
Fave

(17)

as AL — oo, Ll X,

The main tool in the attempts to prove the above con-
jectures has been the Selberg trace formula. It relates
sumis over eigenvalues of the Laplacians to sums over lengths
of closed geodesics on the hyperbolic surfase. The trace
formula. is in ils simplest form in the case of compact hy-
perbolic surfaces; we have

A e o0
%ﬂ-—ﬂ f hlpy tanh{mp) pdp

LS Gt
Zsinh(nd, 2}

TEH, n=1

{18} > hip) =

T

where . s the set of all primitive oriented closed peodesies
¥, and £ their lengths, The quaniity gy is rclated 1o the
elgenvalue A; by the equalion Ay = pﬁ.‘? + i The trace for-
mula (18} holds for a large class of even test funetions f.
E.g. it is sufficient to assume that b is nfinitely differen-

where @ is uniformty distributed, say, in the interval [X, 2X |, table, and that the Fourier transfomm of #,

A large. Numerical experiments by Bogomolny, {reoTpoot,
Giannani and Schmit, as well as Bolte, Steil and Steinor
{see refs. in [3]) suggest that the X; arc asymptolically
Poisson distributed:

Conjecture 1. For any hounded function g : By — ©
e frave

(14)

LEa L
'

1 2X =2
7 | oW 0)a - WO
as T — oo,

One may also consider larger intervals, where & — oo as
A -+ 0c. Tn this case the assumption on the independence
of the X; predicts a central limit theorem. Weyl’s law (3)
implics that the expectation value is asymplotieally, for
T — oo,

i X
(15) ffx Nz, L) dx ~ L.

(19) ot =5 | wpa,

has eompact support. "The (race formmla for non-compact
surfaces has additional terma [romn the parabelic elemnents
in the corresponding gromp, and includes alse sums over
the resomances of the continuous part of the spectrum.
The non-compact modular surface hehaves in many ways
like a compact surface. In partienlar, Selbers showerd (hat
ihe mumber of eigenvalues cmbedrded in the comtinnnns
spectrum satisfles the sane Wyl law as in the compact

case [13]-
Setting
(200 R(p) = xx x40 {22 7 + 1)),

whete iy x4 17 i8 the characteristic fuuction of the interval
[X, X+L], we may thus view A(X, L) as the lefi-hand side

IThe natation A - 3 means there i a eomstant © = 0 siech Lhat.
A= cE
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af the trace formula, The above test function h is however
not admissible, and requires appropriale smoothing. Lua
and Sarnak {cl. [13]) developed an argument of this type
to abtain a lower hound on Lhe average number variance,

1 £ o r r ﬁ
(21} Efﬂ PHX, LNAL Tog X2

in the regime X /log X < L < /X, which is consisteni
with the Poisson conjecture DX, Y ~ L. Bogomalny,
Levyraz and Schmit suggested a remarkable limiting for-
mula for the two-poind correlation Ninetion for the modo-
lar surfare (cf. [3, 4]), based on an analysis of the correla-
tions between multiplicities of lengths of closed geodesics.
A rigorous analysis of the fluctuations of multiplicities Is
given by Peter, of. [4]. Rurdnick [10] has recently cstab-
lished a 2moothed vermsion of Conjecture 2 in the reyime

VX VX
o0, e,
L Llog X

where the characteristic lunction in (20) is replaced by o
certain class of smooth test functions.

All of the above approaches use the Selboerg trace for-
mula, exploiting the particalar properties of the distribu-
tion of lengths of closed geodesies in arithmetic hyperbolic
surfaces. These will be discussed in more detail in the next
section, following the worlk of Bogomolny, Georgent, (3i-
aneoni and Schruit, Bolte, and Luo and Sarnak, sce [3, 12]
lnr roforences.

(22)

4. DISTRIBUTION OF LENGTIIS OF CLOSED GEODESICH

The elassical prime geodesic theorem asserts that the
number N(£) of primitive ¢losed gendesics of lencth lasy
than £ is asymptotically

"

{23 N{E} ~ '
One of the significant geometrical characteristios of arith-
metic hyperbolic surfaces is that the number of closed
geodesics with the same length £ grows cxponentially with
£. This phenomenon is casiest explained in the case of the
modular surface, where the set of lengths £ appearing in
the lenglhs spectrum is characterized by the condition

(24) Z2eash(£/2) = | ey

where v runs over all elements in S1{2, Z} with [tr| = 2,
It is not hard fo see that any intcger # > 2 appears in the
set {|try] : ¥ € SL(2,Z)}, and henee the set of distines
lempths of closed geodesics is

{29 £ ={2arcoshi{n/2}: n=3,4,5,...%

The number of disiinet lengths less than £ is Cherefore
asympotically for large £

{26} N = LN [0,4]) ~ 2

Eqgs. (26) and (23) say that on average the number of
geodesics with the same lengths is af least = of/2 /2.

The prime goodesic theoram {23) holds cqually for all
hyperbolic surfaces with Anile aren, while (26) is specilic
to the modular surface. For general arithmetic surfaces,
wir have the upper bound

(277 N = oeff?

for some constant e > 0 that may depend on the sirface.
Althongh one expects V'(£) to be asymplotic to N (#) for
generic surfaces (since most geodesics have a time reversal
partner which thos has the same length, and otherwise all
lengths are distinct), there are examples of non-acithmetic
Hecke triangles where numerical and heuristic arguments
snggest N(E) ~ e1e®’ fF for suitable constants e, > 0 and
0 < ez < 1/2, of [4]. Henee cxponential degeneracy in
the length spectrum seems Lo oceur in a weaker form alsn
for non-arithinetic surfaces.

A further uselul property of the length spectrum of
arithmetic surfaces js the bounded clusiering property: there
is a constant (7 {again surface dependent) such thal

(28} #ELNEE+1)=C

for all £, This fact is evident in the rase of the modular
surface; the general case is proved by Luo and Sarnak, of.
[12].

3. QUANTUM UNIGUE ERCODICTTY

The unit tangent bundle of a hyperbolic surface TYH
deseribes the physical phasc space on which the classiceal
dynamics takes place. A convenient parametrization of the
unif tangent bundle Is given by the quotient T PSL(2, R}—
this may be scen be means of the Iwasawa, decomposition
fur an element g € PSL{2, 2},

(20) g= (1 7 g /20 cos8/2  sind/2

T oy \—sindy2 cosoge)
where 2 + 1y € 5 represents the position of the puzticle in
M\E in halfplane coordinates, and 8 € [0,2x) the direc-
tion of its veloeily. Multiplying the matrix (20) from the

lefi by (%5} and writing the rosult azsin in the Iwasaws,
forme {29), unc obtaing the action

(2, 8] 1= (:jg f —Zarg(ez + d?l)

which represents precisely the geomeiric action of isome
tries on the unit tangent bundle.

The geodesic fow ¢ on T PSL(2, ) is reprosented by
the right translation

. eL,.'r‘E 0
& :Tg 1= 1'g ( 0 e_‘lﬁ) .

The Haar measure pon PSL(Z, ) is thus trivialiy invari-
ant under the geodesic flow. It is well known thal w4 is
nob the only invariant measure, i.e., ® is not uniquely er-
godic, and that there is in fact an abundanee of invariant
measures. The simpdest examples are |hose with unilorm
masg on one, of a couniable colicction of, ¢losed gendesics.

{30)

{31)
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To test the distribution of an efgenfimction ¢ in phase
space, one associates with a funelion o € C{I™ PSL(2, )
the quantam observalde Opla), a zeroth order pzeudo-
dilferential operator with prineipal symbol a. Using semi-
classical techuiques based on Friedrichs synumnctrization,
om can show that the mairix elomnent
(32) wi(a) = {Opla)w;, vy}
is asymplotic (a8 7 — oo0) to a positive functional 1hat
defines a probability measure on Iy PSL(2, E). Therefore,
if M is compaet, any weak limit of vy represents a prol-
ability measmre on T4 PSL{2,R). Egorov's theorem (cf.
[14]} i turn implies that any sueh Ymit oust be invariant
under the geodesic flow, and the main challenge in prow-
Ing quanlum unigque ergodicity is to rale ont all invariant
mcasures apatl from Haar.

Conjecture 3 (Rudnick and Sarnak (1994) [12, 13]). Far
every compuct fyperbolic surfuce T\H, the sequence 2
converges waeakly fo .

Lindenstrauss has proved this conjecture for eompuet
arithmetic hyperbolie surfaces of congruence type (such as
the second example in See. 2) for sperisl buses of eigen-
functions, nsing ergodie-theoretic methods. These will be
discussed in more detail in Sec. 6 below. His results ox-
tend o the non-compact casc, Le., 40 the modular aurface
where " = PSL(2, Z}. Fere he shows that any weak limit
of subsequences of 5 13 of the form ep, where ¢ s a con-
stant with values in [0,1]. One believes that ¢ = 1, but
with present techniques it cannot be ruled out that a pro-
portion of the mass of the eigenfunction eseapes into the
nen-compach cusp of the surface. For the modular surface,
¢ =1 can he proved under the assunption of the general-
izedt Riemann hypothesis, see See. 7 and [13]. Quantum
unigue ergedicity alao holds for the continuous part of
the specirum, which is furnished by the Eiscnstein series
Ez, 5), where s = 1/2Lir is the spectral parameter. Nobe
that the measures associated with the matrix clements

(33)  wplu) = (Opla)B(-,1/2+- i), B{-,1/2 4 ir)}

are nol probability bl enly Radon measures, since £(z, )
1s nob squars-indegrable. Tuo and Samak, snd Jakobson
have shown {hat

fgdj F‘i"(n'} _ j'.,t.{ﬂ-}

lim AR
Tiinl:i' rz,,.(b] 14l
for snitable test functions e, b & O PSL(2,R)), of.

(13].

. HECKE OPERATORS, ENTROPY AND MEASURE
REGIDITY

For compact surfaces, the sequence of probability mea-
surcs approaching the matrix elements »; iz relatively cor-
pact. That is, cvory infinile sequence containg o comver-
geut subsequence. Lindensirauss’ central ides. in the proof
of quantum unigue ergodicity is to exploit the prescnce of
Hecke operators 1o understand the invarisnce propertics

of possible quantum limite, We will sketch his arpinment
m the case of the modnlar surface (ignoring issues related
to the non-compactness of the surface), where it s most
transpareni,.
For every positive integer n, the Hoeeke operator T, act-
ing on continuous fumctions on [NH with T' = 8L(2,E) is
n

defined by
1 Z g f az+ b
V'"ﬁ i ’

=1 =0
ad=r

The set. My, of matrices with integer coeflicients and de-
terminani n con be expressed as the disjoint union

-1
U

{35J Tuf fz } =

T

. . oo
(36) M, = | (D d)
a:;i_'_l h=t1

and hence the sum in (35) can be viewed as & sum over
the cosets In this decomposition. We note the product

formula
Z T:.-ma,-"ufz .

':3 ?) Tm.Tn =
tl gediwn,m)

The Hecke operators are normal, form a commniing
tamily, and in addition commmute with the Laplacian A. Tn
the lellowing we consider an orthonormal busis of eigen-
funetions iy of A that are simultaneonsty eigenfunctions
of all Hecke operators. We will refer to such eigenfunctions
as Hecke eigenfunctions. The above assumplion is auto-
matically satisfied, if the specirum of A is sireple (Le. no
cigenvalues coincide), a properly eonjectured by Cartier
and supporfed by numerical computsations. Lindenstrauss’
work is based on the following two observations. Firstly,
ali quantum limits of Hecke cigenfunetions sre georesio-
flow invariant measures of positive cntropy, and scoondby,
the only such measure of postiive cotropy thal is recurrent
under Herke correspondences is Lebosgue messre.

The first property is proved by Boursain and Linden-
strauss {2003) and refines arguments of Rudnick and Sar-
reak (1994) and Wolpert (2001) on the distribution of Heele
poiats (see [13] for references to these papers). For a given
point z € H the set of Hecke points ia defined as

(38) Talz) == Mpz.

For most, primes, the set 7. (2) comprises (p+ Tp®~T dis-
Lingt points on 1%H. For cach z, the Hecke operator T,
may now be interpreted ag the adjacency matnx for o -
ntte graph emboedded in 1™ H, whose vertices are the Hecke
points L, {z). Tecke cigenfunctions p; with

(34) Toipg = Aj(n)y
give rige to cipenfunctions of the adjacency matrix. BEx-

ploiting this fact, Bourgain and Lindenstrauss show that
for a large set of integers »

(40) sl = 3 Lol

witTlz)
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Le. pointwise valies of |o;]* cannot be substantislly larger
than its sum over Hecke points, This and the observation
that Hecke points for a targe sct of inlegers n are suffi-
ciently uniformly distribuled on NH as n — oa, viclds
the estimate of positive entropy with a quantitative lower
bouned.

Lindenstranss’ proof of the serond property, which shows
that Lebesgne measure 1s the only quantum limit of Hecke
eigenfimetions, is & result of o ourrently vory active branch
of ergedic theory: measure rizidity. Invariance under the
geodesic flow alone s not suificient to role out other pos-
sibie limih messures. In fasl there are nneountably many
measiires with this property. As limits of Herke siwenfune-
tions, all quanium limits possess an additional property,
namely recurrcnee under Hecke eorrespondences.  Sinee
the explanation of these is rather involved, let us recall an
analogous result in a simpler sct-up. The map =2z —
Zr mod 1 defines o hyperbolic dynamical systemn on the
imit cirele wilh a wealth of invariant measures, siruilar to
the case of the geodesic flow on & surface of negative cur
vature. Furstenberg conjectied Lhat, up to trivial invari-
ant measures that are localized on finitely many rational
prointls, Lebesgue measure is the only <2-Invarisot messure
that is alzo invariant under action of #8 : = — 3z mad
1. This fimdamental problem is still unsolved and one of
the central conjectures in measure fgidity. Badolph low-
cver showerd that Fursteoberg's conjecture is true i one
restricds the statement to x2-Invariant measures of posi-
Live entropy; cf, [11]. To Lindenstrauss’ work, x2 plays the
rols of the geodesic flow, and x 3 the rote of the Hecle one-
respondences. Although it might also here be interesting
to ask whether and analogue of Furstenberg’s conjecture
holds, it is inessential for the proof of QUE due to the pos-
itive entropy of guantum limits discussed in the previons
paragraph.

7. BIGENFUNCTIONS AND L-PUNCOTIONS
An even eigenlunction ;(z) for T = SL(2, %) has the

Fuurier cxpansion

o0
wilz) = Z a(r)y/ ? Hig, (2mny) cos(2mnas).

n=I1

We assaciate with ;) Lhe Dirichlet series

(41}

[ ]
T{s,p) = Za.jfrr.}n_s

=1
which converges for Re ¢ large cnough. These series have
an analytic continuation o the entire eomplex plane ©
and satisfy a fenctiomal equation,

(42}

(43) Alse) = A1 - 8,)
where
(449 Alseg) = 7T (D) (s, p)

If i;(z} is in addition an eigenfunction of all Heeke opera-
tors, then the Fourier cocfficients in fact coincide {up to

normalization constant) with the eigenvalues of the Becke
Operators

(45) aglm) = Ag{mda;(1).

I we norvmalive a;(1) = 1, the Hecke relations (37) vesult
inn an Euler product formula for the £-hinetion,

(46)  Liscest= [] (A—alpl ™ +p77%) 7"

I prime

These L-lunckions behave n many olher ways like the Rie-
mann zeta or classical Dirichlet L-Tunctions. In particu-
lar, they are expected to satisfy a Riemann hypothesia,
i.e. nll non-trivial zeros are constrained to ibe critical line
Ima =172,

(neslions on the distribudion of Hecke eigenfinetions,
such as quautum unigque ergodiciiy or value distribution
properties, can uow be translated to analytic properties of
T-functions. We will discuss two axamples,

The asympholics in (6} can be established by proving
(8) for the cholees g =", K =1,2,.. ., Le,

/ |ios| 2oy dA — O
o A

Watson discovered the remarkable relation [13]

{47}

2

{@‘L%%%M

o THA(G @iy X g X 03]
AL sym® 5 JA(L, sym? 5, ) A (T, sy1n g5, )

The L-functions Afs, ¢} in Watson’s formula are wmore ad-
vaneed cousins of those introdiuced eatlier, see [13] for de-
tails. The Riemann hypothesis for sueh I-functinns ime
plics then via {48) & precise rate of convergence to QUE
fur the modular surface,

[ leifaaa= [ gaa+ops,
g A Aot

lor apy € = 0, where the hnplied constanl depeads on e
and g.

A gecond example on the conneciion between statistical
properiies of the matrix elements vi{al = (Opla)y;, @)
{for fixed & and random §) and values E-functions has
appearead in the work of Lmo and Sarnak, of. [13]. Define
the varianes

rmm=ﬁ§;;mw—mmﬂ

(49

{507}

with N(A) = #{7 : A = A} of (3). Following a conjee-
lure by Feingold-Peres and Fokhardt et al. (see [13] for
references) for ‘generic’ quantum chaotic systems, one ex-
pects & ceniral limit theore for the statistical Auctuations
of the #;{a), where the normalized variance N{X)Y2145(a)
1= asymptodic 1o the classical autororrelation function €},
soe eq. (540
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Comnjecture 4. For any bounded function g: 3% — © we
have

(51}

1 vla) — o)y L7 e
N{}l]kgg( m ) @I[mg{t} dt,
a5 A — oo,

Luo and Samnsk prove thal in the case of (he modular
surface the variance has the asyroptotics

(52) Jim N()Y2vy(a) = (Ba,a),

where B is & non-negative self-adjoint operator which com-
mutes with the Laplacian A and all Flecke operators 77,
In parlicular we have

1
{53) By = SL{z. 010 es) 25,

whore

(54) Cla) = js;./m PEL{2,K) (P @ala)du(e) o

iz the classieal autocorrelation unction for the geodesic
How with respect to the observable « {13]. Up to the
arithmetic fackor %LI:%,('DJ-;I, er. (53) is consistenl. with
the Feingold-Peres prediction for the varisnce of generie
chaotic systems, Furthermore, recend estimates of mo-
ments by Rudnick and Soundararajan (2005} indicate that
Conjecture 4 is not valid in the case of the moduiar sur-
face.

& QUANTUM EIGENSTAIES OF CAT MAPS

Cat maps are probably the simplest arce-preserving maps
on a compact surface that are highly chaotic. They are
delined as lincar antomorphisms on the toros T? = 32 /72,

{55) B T? - 2

where a point £ € B? (mod £%) is mapped to A€ (mod
), A s a fixed matrix in GL{2, F) with eigenvalues off
the unit circle (#his guarantees hyperbolicity). We view
the torus T as a symplectic manifold, the ‘phase spare’
of the dynamical system. Sinee T* is compact, the Hilbert
space ol guantum states is an N dimensional voector spacs
Hy, ¥ inleger. The semiclassical limit, or limit of small
wavelengths, corresponds here to NV — oo,

It is convenleni to identify Hp with LE(Z/NE), with
inner product

Wb =5 S Q@)

Coed WV

(56)
For any smooth funciion f ¢ O%{T?), definc a guaniurm.

ehaervadle -
Opn(f) = 3 Fn)Tu(n)
nefiE
whieTo f[n} are Lhe Fourier coellicients of £, and Ty{n)
ate translation oparstors

(57} Tr(n) = gmmme/N gagn

(58} [hofl{Q) = Q@+ 1), [LAl(Q) = "N ().

The operators Opg(a) are the analogues of the psendo-
differential operators discussed in See, 5.

A gquantisation of 4 i a unitary operator Uy (A) on
LA{(#/NTY satisfying the equation

(59)  Un{A) ™ Oppe{ /W (A) = Opp{f o D)

for all f = C%°(T%). There are explicit formulas for Liar{ A}
when A is in the geoup

(60) I = { (? 3) € 8142, E} : ab = od = ) mod 2} :
those may be viewed as analognes of the Shale-Wail or
metaplectic representation for SL(2). T.g., the quantiza-

Lion of
21
{61} A= (3 2)

vields
{62} Un{A)(Q)

_1 2 2
vt S [T - 00+ 0w
L med N
In analogy with (1) we are interested in the statistical
features of Lhe vigenvalues and eigenfunctions of U (A4),

i.c., the solutions to
(63) Us(A)e = Ao,

Tnltke typical quantum-chactic maps, the statistics of the
N cigenvalitas

{64)

do nat follow Lhe distribations of unitary random matrices
in the limit & — o¢, but arc rather singular [7]. In anal-
apy with the Selbery trace formula for hyperbolic surfaces
{18}, there is an exacl trace formmla relating sums over
eigenvalucs of £y (4) with sums over fixed points of the
classival map [7).

As in the case of axithmetic surlaces, the eigenfunciions
of cat maps appear to behave more generically. The ana-
logue of the Schnirelman-Zelditeh-Colin de Verdigre The.
vrem states thatl, for any orthonormat basis of cigenfunc-
bans {ipny bl we have, for all § € (T2},

”'E'L.}HIF':E.-{NE:I =1.

}LNI'. )"j\rz, R )"_'VN c Sl

(65) OPPens s — [ Fe)es

az N — og, for all § in an index sct Ja of (o)l density,
Le, #Jy ~ N. Kurlberg and Rudnick [9] have charac-
terized spucial bases of eigenfunctions {pn; MY (termed
Hecke eigenbases in analogy with arithmetic surfaces) for
which QUE holds, generalising esrlier work of Degli Es-
posti, Graffi and Isela (1995). That is, (65) holds for ail
J=1....,N. Rudnick and Kurlberg, and more recently
Curevich and Hadani, have established results on the rate
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ol convergenee analogous to (49). These results are un-
conditional. Gurevich and Hadani use methods {vann al-
pebraic geometry based on thosa developed by Deligne in
his proof of the Weil conjectures (an analogue of the Rie-
mann Iypothesis analogue for finite fields).

In the case of quantium cat maps, there are values of
N for which the number of coinciding eigenvalues can be
large, a major difference to what is expected for the mod-
ular surface. Linear combinations of eigenstates wilh the
same cigenvalue are as well cigenstales, and may lead Lo
different quantuin limits. Indeed [Fanre, Nonnenmacher
and De Bigvre [5] bave shown that there are subsequences
of values of NV, so that, for all f £ C™(T?),

69 (OpDpmson = [ SO+ 310)

ie, hall of the mass of the guantum liwmit localives on
the hyperbolia lixed point of the map. This is the first,
and to date only, rigorous result concerning the exislence
of searred eigenfinclions in svstems with chaotic classical
litnit.
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E.J. Heller

Fig. 42. (Left} A superposition of 10 000 plane waves of random direction, amplitude,
annd phase shift. The wavevector magnitude was the same for all the plane waves used.
The left and middle plots are 60 wavelengths on a side. This state satisfies V24 k%4 =
0. (Middle) The probability contours of a wave similar to the one at the left. (Right)
A speckle pattern {probability contours}, produced in the same way except that various
wavevector magnitndes were used. This plot is ca. 20 wavelengths across.
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F1G. 2. Left column, three scarred states of the stadium; right column, the isolaled, unstable periodic arbits corre-

sponding to the sears.



Fig. 9. Experimentally determined eigenfunctons for g stadium biltiard
functions show scars corresponding to the bouncing baii |
the whispering gallery orbit {cl.

[11]. The eigen-
a}, the double diamond (B), and
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Leading off-diagonal approximation for the

2 spectral form factor for uniformly hyperholic systems
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g School of Mathematics, University of Bristol, Bristol BSE I'TW, TIK

Abstract

We consider the semiclassical approxdimation to the spectral form factor Ki{s} for two-
dirmensivual wnifermly hyperbolic systams, awd derive the first off-diagonal correction for small
7. The result agrees with the r3-term of the form factor for the GOE random matrix enscible.
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